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The Mean Spherical Model in a Random External
Field and the Replica Method
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We provide a quick elementary solution of the mean spherical model in a
random external field. This also allows an immediate proof of the self-averaging
property of the free energy. We calculate the free energy by means of the replica
method, i.e., for any (not necessarily integer) “replica number” r, and show that
when a phase transition occurs the limits (limy_,q, limy_,,,) and #—0 are not
interchangeable.
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1. INTRODUCTION

The spherical model in a random external field” is one of the few exactly
soluble models which exhibit » =4 as the lower critical dimension for the
existence of random ferromagnetism. A simple, “one-sentence” solution of
the model seems therefore desirable. The very general approach of Ref. 1 is,
however, somewhat abstract. In this note, we provide a quick elementary
solution of the model, which also allows an immediate proof of the
self-averaging'>® property. The latter is essential to account for the repro-
ducibility of the outcomes of experiments realized on random systems. We
also show that the free energy may be computed exactly’ by the replica
method (Refs. 2 and 4 and references given there) even if the “number of
replicas” is not an integer, thereby illustrating some of the general results of
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Refs. 2 and 4. In particular, if » > 5, and the variance of the external field
is sufficiently small while the inverse temperature £ is sufficiently large,
there is a phase transition [1] and the convergence is not thermodynamic [2]
with respect to the double limit lim,_,glim,_ . (where H is the external
field, and “N —> c0” denotes the infinite-volume limit). We say that N ='W,
converges thermodynamically to a, if for any § > 0 we can find a constant
¢ = ¢(8) > 0 such that for all sufficiently large N,

Prob{|N ~'Wy —a| > 8} < exp(—cN)

Accordingly, it might be expected that the limits (im,_,plim,_, )and n—>0
in the replica method are not interchangeable for some quantities. Indeed,
this is explicitly verified.

2. THE MEAN SPHERICAL MODEL

Let Ay denote a hypercube {—~L, ..., L}” enclosing N = (2L + 1)
points in Z*. The Hamiltonian restricted to A, of the mean spherical
model in a random external field may be written

Hy () =($ —4/2¢) — n(9: ) — H ZA $(x) — (b, ) (h
XEAN
We denote by boldface characters a general N-component vector whose
components are labeled by the points of A,. ¢ is a classical “spin vector”
whose components range over R, p is the chemical potential, H is the
(nonrandom) external field, and (—A) the “lattice Laplacean”

r

(—8¢)(x) = 2v9(x) = 2 [9(x + &) + o(x — )]

i=1
where ¢, i=1,...,» i1s a unit vector in the ith direction. The scalar
product between two vectors y and z is

2= 2 F(x)2(x)
XEAyN

We assume periodic boundary conditions in (1). The vector h is a random
vector representing the random external field, whose components A(x),
x € Z?%, are assumed to be independent identically distributed random
variables, with probability distribution p, mean zero, and covariance o:

(h(x), =0, VxeT’ @)
Ch(X(p)), = 028):,}, , X,y (3)
The partition function is defined by

Zy (B, mH) = [dpexp[ - BHy(9)]



Mean Spherical Model in a Random External Field

where d¢p = [], ¢ 5, d$(x), and the free energy by

~1
fu(Bo i) = = B togz, (8., 1)

The Gibbs expectation value of an observable F(¢) is

Jdpexp[ — BHy (9) | F(9)
Zy(B mH)

We require ¢ to satisfy the spherical constraint

{P)onv =N

(Foy =

or, in terms of u:

(%(/;,MM’H) ),;H= -1

Finally, the Fourier transform f of a function fis defined by

f=-L 3 e*yx) VkeAy= {57 X €A

L+1

\/_ XEAy
Let A be a strictly positive matrix. We have
fdxexp[ — 1(x,4x) + (y, x)]

(27T)N/2
=0
(det4)'/?

xp[3(v.47'y)]

91

4)

(52)

(5b)

(©)

By (1) we see that Z,, (B, u, H) is of the form of the left-hand side of (6),

with the following identifications:
A=pB(—A—2p)

y=pHl1+h 1=

This yields immediately

B! B!
In(B p, H)=— > log(27) + 3N trlog A

H> , BH _B o4
+ 3 +2“N(ﬂ,h) 5 (147'h)

™
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3. THE FREE ENERGY

To compute the averaged free energy we only need
{(h,A"'h)), = ;y(A Dy R,

o’ 1
6 &, 05 ®

=oitrda'=

where
e(ky=2 (1 —cosk), k=(k),_,
i=1

The following results follow almost immediately from (7) and (8) (see Ref. 5
or 6). If H = 0, the equation

(8<f~(ﬁ’ wH), )3H= ~1

dp
has a unique solution py( 8, H) such that

iy (B H)—— w(B.H)

If H=#0,
p(B,H)<O

is the unique solution of the equation

y_i _._'B__l_.. 4 1 02 v 1 -
4p? " 2(27)” de K e(ky—n * 4(2m)” de k (e(k) — p)z L0

where B =[—, 7 is the first Brillouin zone. Furthermore,

lim (B = i (B H ) H)= (OB (B HYH Y, (10)

where

OB mH = = 3 [k (tog2m) = og2(etk) = )]

I . 1
427’ Ld , e(k) —n ()
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The quantity

0 fu (B H)D,
<mN<B,H)>p=—{( SUL H
#lu=pn(B.H)

o H
S (BT ()

is the magnetization. In this way we arrive at our first proposition.

Proposition 1. If » < 4

li H)= 0)<o0 13
Am p(BH)=p(B,0) < (13)
and
th& l1m <mN(/3,H)> =0 (14)
If » > 5 and

2
— (a1 <1
4(277)V jl; c(k)2
then, for B sufficiently large,
li HyYy=0 15
A (B H) = (15)
and
th& hm <mN(B H)),=v,#0 (16)
We now consider fy( B, g, H) given by (4) (no averaging). We have*
(h, 4~ 'h) = —;;-(h, Gh)
where
G=(—-A- Z,u)_l
Hence, if p <0,

exp(2pl| Il
66l < e TEEEY )

4 In the following argument we ignore the fact that 4, hence G, depends on N, but it is easy to
verify that the restriction of G to A, (with periodic boundary conditions) also obeys (17)
(with ¢ independent of N).



94 Perez, Wreszinski, and van Hemmen

for |lx - y|| large (x|l =(F+ - -+ +x)Y? if x=(x)/_)). By (7) and
(7, fu (B, n, H) converges w1th probabﬂlty I to ¢ f(,B p, H)>, and the
convergence is thermodynamic'® if u < 0. The reason is that we may split
up a large “block” (h, 4 ~'h) into finitely many independent sub-blocks plus
an error term which becomes negligibly small as the size of the sub-blocks
also goes to infinity. In addition

U(Bwd)  p g 1w
I IN Sy (k) 4”2
— S (0, (G G)Nh)~ S ()
where
(6+6)y(x=9)= 3 6(x=»G(r=2) (19)
Clearly, if p <0,
(G*G) ()] < coxp(—alx]) (20)

with & > 0 and ¢ independent of N. It follows easily (see, e.g., Ref. 2) from
(18) and (20) that

afN(IB’ H‘7H) a<f(B’ ’“L’H)>p
au N—oo du

if w<0. For H+# 0 (5b) has a unique solution fiy(f8,H) <0. A simple
argument using (18)—(21) shows that, if H # 0,

fiy(B,H)——> w(B.H) <0  with probability 1 (22)
>0

with probability 1~ (21)

where p( 8, H) is the unique solution of (9). Equation (22) has the following
important consequence:

Proposition 2. The following statements hold with probability 1. If

v < 4,
Hhrrol hm gy (B, H)=p(B,0)<0
and
I =
Hh—I}g Nglme(B’H)

If » > 5, under the same conditions stated in Proposition 1,

Jim  lim (B H) =0 (23)
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and

lim lim my(B,H)=v,#0 A

H=0, N>

4. THE REPLICA METHOD

We now compare the free energy { f( 8, u, H)), with the one obtained
by the replica method. We have to impose the condition (p < 0)

u+

2

B (24)
2

and that the probability distribution be Gaussian. Define®

-1

ou(m =~ Ltozi(B, wHY,

oy
= - ﬁN log¢exp[ nlog Zy (B, 1w H) ), (25)

For the integers n which satisfy (24) we get

CZ3(B. wH )y, = [ddy -+ dg,exp(— B[ H () + - + Hy(9,)])

=fd¢1 Tt d¢niljl exp{ '“,8[(‘15,‘ ’ —A/2¢i) = (P P)

xEA

—-H 2;@-(}6)”

X (exp[ By + -+ - + )], (26a)
with
(exp[ B+ -+ +&,)])
=exp[ BH ¢+ - + ¢, 0+ - +6,)0°/2]  (26D)
by the assumption that p is Gaussian. The matrix involved in (26b) is
1 1 ... 1
R |
B=|. . = n[1,{,1|
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where

—

1 =L
[ e
1

Hence there exists an orthogonal matrix 0 = (0,) such that

n 0 ... 0

i 0o 0 ... 0
0"'RO=| . . .
0 O 0

Define ¢’ = 0 '¢. Then
Se=S¢(So,) bu
i J J
— , if j=1
;oy—{m if

0 otherwise

We may therefore compute the Gaussian integrals in (26). Only the integral
involving ¢, contains H, and it may be computed by the substitution

H— Hyn together with

b

B, = p+ fno*/2 (27)
in the free energy of the (nonrandom) spherical model. Note, however, that
the integrals (26a) diverge unless g, < 0, which is (24). We now find

B—l

oy(n) =~ 2 (log(2m)—log[2B(e(k) — 1)]}
kEAY
'8~l
—(n—1)—— log(27) — log| 2 k) -
(=D ox X, (los@m) ~log[2B(c(k) — )]}
Hn)
+ ( 4un) (28)
From (28) and (11) we obtain, if H # 0,
. doy .
am d;fn) =0=§%»}£“w¢~(”),,=0=<f(ﬁ’ mHY, (29

Equation (29) illustrates the interchangeability of the limits N — o
and n—0 in the case of thermodynamic convergence.'?
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We see from (28) that the replica trick provides the correct answer in
all cases, not only those satisfying (24). By this we mean that there are
values of the parameters such that (24) is violated for any integer n and the
above calculation is meaningless.

The above “mystery” is solved by computing ¢, (#) exactly for a// real
n which satisfy (24). In fact, the condition (24) arises naturally. We need
only (6). By a calculation similar to the one which led to (7), we find

nH?N
4p

exp[nlogZN(B, ,u,H)] = CXP(“

X exp{ %2 {(h,A"h) - —l%(ﬂ,h)”

with the same notation as in (7). Hence

Cexp[nlogZy (B, m H) ), = exp(— nIZ;N )( P 12)1/2 )

xfdhexp{ n—'g—z {(h,Alh) - gﬁ(ﬂ’h)”
o - o)

Using (6) once again,

Cexp[nlog Zy (B, w. H) >, = exp( _—:_;141:_2]\/_)

N V2
X( | 1/2) (2m)

@mo?)? ] (deta’)”?
1| —nHB notf _ nHB
Xexp{ 2{ o 1,(4) ( ———2“ 1]”}
(30)
where
1 0 ... 0
0 1 0
=Ly -npa-t 1=, .
o . . :
0 0 ... 1

provided A’ is strictly positive, i.e., (24) is satisfied. We obtain (28) from
(30) by a straightforward calculation.
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We see from (28) that @, and its thermodynamic limit @ are analytic
in n for Ren < 0, even if g = 0. This confirms and substantiates an earlier
observation made by van Hemmen and Palmer (unpublished), and redis-
covered by Eisele.” In the spherical model the limit n—>0_ (from the left)
is therefore more natural. Equations (17) and (23) (compare) with Ref. 2)
indicate that the convergence is not thermodynamic with respect to the
double limit (lim,_,, limy_,.). From Proposition 2 we expect that the
limits n—>0_ and (lim,_,,_ lim,_, ) may not be interchanged (at least for
some quantities) if » > 5 and the conditions stated in Proposition 1 are
satisfied, implying that a phase transition takes place and (23) holds. In
fact, consider the magnetization derived from (28):

Iy (1) H
()=~ )
nH

= - 3
2 e (B H) + Bn*/2] G

Let 47 denote left derivative. By (31)
ii( lim  lim m, y(B,H)) =0
n=0

dn H—>0, N>

but, by (15) and (16)

. . (d” _
Jm lim (Gom, (B H)) =y, #0
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